An examination is made of the response of forced Rossby waves to the time change of mean zonal wind and to external heating using qt:asi-geostrophic and .a-plane approximations. Results from the numerical time integration of the linearized potential vorticity equation under several assumed external conditions are compared with steady-state solutions.
Introduction
The characteristic features of planetaryscale wave disturbances superimposed on the polar-night westerlies have been studied by many authors from various points of view. The results of the theoretical investigation of vertical wave energy propagation (Charney and Drazin, 1961; Dickinson, 1968a Dickinson, ,b, 1969 Matsuno, 1970) have been supported by many observational studies of energetics (Reed et al., 1963; Miyakoda, 1963; Julian and Labitzke, 1965; Murakami, 1965; and others) in that the eddy kinetic energy in the winter stratosphere is mainly supplied from below in the form of vertical flux of geopotential.
The analysis of the nature of stationary Rossby waves was also made with special emphasis on the effect of the earth's surface topography and differential heating/cooling in the lower troposphere (Saltzman, 1965 (Saltzman, , 1968 Murakami, 1967) . Thus, the dynamics of stationary planetary-scale wave disturbances, at least for the monthly mean state of the winter circulation, has been explained in the light of these studies mentioned above.
However, the quasi-periodic variation of the winter stratospheric circulation shown by observational studies of Muench (1965) , Hirota (1968a) , and Hirota and Sato (1969) is still open to question from a theoretical viewpoint.
In the present study, therefore, an attempt is made to use a simple numerical model for the following problem:
(a) Reexamination of the characteristics of stationary Rossby waves forced from below by the effect of earth's topography and by differential heating/cooling, using the parameters of mean zonal wind intensity and the wavelength of disturbances., (b) Numerical time integration of a linearized perturbation potential vorticity equation to examine the response of planetary Rossby waves to the periodic change of mean zonal wind and forcing function; the period is assigned a priori without treating explicitly the governing equation for the mean field.
Model and assumptions
(a) Since we are concerned with the planetary-scale disturbances in the middle latitudes, quasi-geostrophic, ,8-plane approximations are used.
(b) Only the linearized perturbation equation of wave disturbances with an assumed zonal wave number is used; non-linear interactions with different wave numbers and with the zonal wind are ignored.
(c) The pressure p is adopted as the vertical coordinate.
(d) Static stability is assumed to be constant in the vertical.
(e) The coefficient of internal friction is assumed to be constant in the vertical. Surface friction is ignored.
(f) In the vertical distribution of the basic zonal wind, U (p) is assumed to be westerly with positive vertical shear. The intensity of the zonal wind is represented by only one parameter.
(g) For the forcing, a simple sinusoidal form of topography at the bottom and a differential heating/cooling in the lower atmosphere are assumed with respect to east-west direction; the assumed wave number is the same as that of the wave disturbance.
Basic equations and boundary conditions
The linearized vorticity equation and the thermodynamic equation in the framework of quasi-geostrophic, ,B-plane approximations may be expressed by 4. Steady-state solutions
Although the steady-state solution of forced Rossby waves has been widely studied in various theoretical and numerical models, we reexamined first the characteristics of the steady-state solution to compare them with non-steady solutions.
Assuming that %t=O in (3.4), we have Qp=o. (4.1) This is reduced to the one-dimensional Helmholtz-type equation:
In order to specify the boundary conditions We assume that Q(p) is in the following form:
The thermodynamic equation (3.2) applied to both boundaries then gives
To solve Eq. (4.2) with Eq. (4.5), we carry out numerical calculations by replacing (4.2) in finite-difference form with 40 layers in the vertical. Parameters adopted in our model are: f=10 -'sec-', j1=1.6 x l0-"m-'sec-', 0-=10-' m'sec-'mb-' and fL=10 7 m'sec-'. Equation (4.2) is solved first for Q=O to determine the effect of the earth's topography on the steady-state solution. Figure 1 shows the value of wave amplitude at the top level, 1¢ltop, in the parameter space ofU max and the wavelength of disturbance L. The magintude
Wave amplitude of steady-state solution at the top level as a function of U max and L for mountain case.
of 1¢l top has meaning only as a relative value in the parameter space because h is kept as unity throughout the computations. One of the interesting features in Fig. 1 is the appearance of two maximum curves (heavy broken lines) of 1¢ ltop. These maxima of wave amplitude are reflection of "quasi-resonance waves" as discussed by Saltzman (1965 ) and Murakami (1967) , and are also closely related to the transition of vertical mod es in the baroclinic instability problem (Hirota, 1968b This shows that ~ tends to infinity when y becomes zero or n-rr / Po (n; integer). This r esonance takes place when the wavelength L is given by
The maximum curves of 1¢ltop in Fig. 1 , therefore, are located near the critical curves (4.8 ), although they do not completely coincide with the critical curves (4.8) because the effects of vertical shear of the zonal wind and of internal friction are retained in our model. In the following discussion, we will be concerned with longer waves in the regime between the two maximum curves in Fig. 1 .
Non-steady-state solutions
In the problem of forced Rossby wave response to the time change of the mean zonal wind and forcing, we do not treat explicitly the prognostic equation for the mean zonal wind and forcing. We deal only with the time- , L) . The time integration is continued up to t= 150 days, with a time step of 1 hour. Figure 2 shows the time- km. Since we are interested in the upper atmospheric waves, the time changes of wave amplitude and phase angle at the top level, (}top, are presented together with those of
Umax(t).
It is seen in this figure that ¢Jtop, and (}top show a periodic variation with the period of To in response to the periodic change of U; they oscillate around the mean value which is equal to the steady-state solution for Umax = U max ; and their oscillations have phase lag (time lag) in relation to that of the mean zonal wind. The phase lag of ¢Jtop is larger than that of -:atop.
The oscillation range of ¢Jtop and (}top, however, does not necessarily coincide with that of steady-state solutions for U max = Umax ±10 (m sec-'). Therefore, it may be convenient to define the "normalized amplitude" ;p and 8 as -
Max(¢)-Min(¢) ¢ ¢(U=30)-¢(U=50)'
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where Max (A) and Min (A) denote the maximum and minimum value of Atop 
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Since M.R.T.S. thus defined must be a function of U max and L, the numerical time integrations were performed by varying U max and L to find the dependency of M.R.T.S. on these parameters. Nine pairs of (Umax, L) were chosen from the longer wave side in the region between the two maximum curves in Fig. 1 , and results are summarized in Fig. 4 . It is found that M.R.T.S. has a fairly linear relation to the value of t/ltop (Umax, L) of the steady-state solution showing that M.R.T.S. increases as the wave amplifude is increased. 
MAXIMUM RESPONSE TIME SCALE (DAYS) response of wave amplitude in the uppermost layer to the periodic change of the mean zonal wind (Fig. 5) . Characteristic features of normalized amplitude and phase lag are almost the same as those in Case 1. It is found that M.R.T.S. is linearly proportional to the value of 1¢ltop of the steady-state solution (Fig. 6 ) where 14 pairs of (Umax, L) are chosen. Case III The response of Rossby waves to the time change of the heating function Q in the lower atmosphere is treated, keeping the zonal wind constant in time. The time change of the heating function is assumed to be (5.3)
However, the steady-state solutions obtained from Eq. (4.1) vary in amplitude and not in phase angle when the magnitude of heating varies, because of the linearity of Eq. (4.1) . Therefore, the normalized amplitude and phase lag of the phase angle cannot be defined in this case. Figure 7 shows an example of the response of waves under the conditions of U max = 50 m sec-', L = 20,000 km. The maximum response takes place when the phase lag of wave amplification in relation to the time change of heatin g is a quarter wavelength. A linear relation M.R.T.S.
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MAXIMUM RESPONSE TIME SCALE (DAYS) is confirmed between M.R.T.S. and the wave amplitude of steady-state solution (Fig. 8) in 10 pairs of (Umax, L).
The effect is studied of the east-west moving heat source without changing its magnitude. Assume that the heating function Q is given by
where c is the horizontal phase velocity (the postive sign indicates eastward movement). The period To is defined as 2rr L To=kICI= iCI for an assumed wavelength L. Figure 9 shows an example of the numerical time integration of Eq. (5.1) for U max =50 m sec-" L = 20,000 km, and To=20 days (i. e., Icl = 11.6 m sec-'). Heavy full lines indicate the wave amplitude <Ptop for ±c; the broken line and chain line indicate the phase angle of the wave at the top level for c and -c, respectively. For eastward moving Q, the wave amplitude grows with time and after 30 days reaches a constant level associated with the eastward moving phase angle that has the same phase velocity as the heating source. A similar situation is found for westward moving Q, but the wave amplitude decays and approaches a smaller value compared to the initial (steady-state) one. The normalized amplitude in this case is defined as a ratio of <PlOP at t = 00 to the amplitude of the steadystate solution for c= O. Numerical time integrations, with c varied for given values of Umax =5Qm sec-' and L=20,000 km, show characteristics of the Rossby wave response to the moving heat source (Fig. 10) . M.R.T.S. is located at about T= 16 days in this case for an eastward moving phase velocity of c· .15 m sec-'.
The difference between the wave response to the eastward and westward movement of heat source may be explained as follows: the solution for t= 00 (Fig. 9 ) must correspond to the steady-state solution for the mean zonal wind (Fig. 11) . Throughout the computation for these four cases, it was found that the maximum response time scale is uniquely determined as a function of V max and L. Roughly speaking, the linear relation found in the present model (Figs. 4, 6, 8 , and 11) may be interpreted as reflection of the "quasi-resonance" which takes place when the excitation frequency T-' is close to the eigenfrequency of the wave c/ L (c: phase velocity).
Summary
An examination has been made of the r esponse of forced Rossby waves to the time change of mean zonal wind and forcing using quasi-geostrophic, ,8-plane approximations. A summary follows of the numerical integration of the linearized perturbation potential vorticity equation applied to a 40-layer model under several assumed conditions:
(a) Numerical time integrations for longer waves exposed to periodic variation of zonal wind and forcing show that the amplitude and phase angle of the wave oscillate around the mean value having the same period as an assigned period of external conditions. The phase lag (time lag) was observed to the periodic oscillation of the external conditions.
(b) The range of wave oscillation does not necessarily coincide with that of steady-state solutions. The normalized amplitude is defined as the ratio of the range to that of a steadystate solution for given parameters of U max , L and the period To. Since tliis value depends upon To when U max and L are fixed, the maximum response time scale (M.R.T.S.) is defin ed as the period at which the normalized amplitude has a maximum value.
(c) M.R.T.S. depends upon the assigned paramet ers U max and L . There is a fair linear r elation between M.R.T.S. and the value of 1¢ltop (Vmax, L) for the steady-state solution. M.R.T.S. increases as 1¢l top (Vmax, L) is increased. Despite the simplicity of the present model, some of the results cited may help to account for the time-dependent behavior of planetary Rossby waves observed in the winter stratospheric circulation of the real atmosphere. The hypothesis that the periodic variation of planetary waves in the stratosphere is caused by the time-dependent energy propagation in response to the time change of the mean zonal wind (Hirota and Sato, 1969) has been qualitatively confirmed. The maximum response time scale as defined in the present study may be the most likely time scale of the phenomenon in the real atmosphere. It is noteworthy that the calculated time scale corresponding to the suitable parameters for winter stratosphei'ic circulation such as 50::;; V max ::;;70 (m sec-') and 15::;; L::;; 25 (10'km) falls into 10::;;
